The asymptotic and approximate formulae for the asymmetric modal acoustic self-and mutual-impedance have been presented for a clamped circular plate embedded into a flat rigid baffle. The formulae have been obtained for the wide frequency band covering the low frequencies, the high frequencies and the middle frequencies. The high frequency asymptotics have been achieved using the method of contour integral and the method of stationary phase. The products of the Bessel and Neumann functions have been expressed as the asymptotic expansions. Further, the approximate formulae valid within the low and middle frequencies have been obtained from the high frequency asymptotics using some mathematical manipulations. The formulae presented are valid for both the axisymmetric vibrations and the asymmetric vibrations.
Introduction
The surface of some structural elements is often excited for vibrations and becomes a source of acoustic waves. The excitation is very often asymmetric in the real vibrating systems and it is very useful to find some asymptotic and approximate formulae for the modal quantities necessary to compute the acoustic power, the acoustic pressure and the structure's vibration velocity including the fluid loading. So far, a number of such formulae have been presented for vibrating circular and rectangular membranes and plates using several approximate methods [1] [2] [3] [4] [5] [6] [7] [8] [9] . The results obtained by using the exact solutions for the free vibrations have been presented in a few studies [10] [11] [12] . The corresponding asymptotic formulae for the acoustic impedance and the acoustic power have been reported in [13] [14] [15] [16] [17] . However, the formulae are appropriate for the axisymmetric processes only. Therefore, this paper focuses on the asymptotics and the approximations useful for the asymmetric vibroacoustic quantities of the vibrating clamped circular plate valid within almost the whole frequency range, i.e. for the high frequencies, the low frequencies and the middle frequencies, except the very low frequencies and the frequencies close to the plate's eigenfrequencies.
Asymptotic formulae for the modal acoustic impedance
The modal impedance has no pure physical interpretation. This quantity together with the coupling ma- * corresponding author; e-mail: wprdzank@univ.rzeszow.pl trix and the given excitation provides the total acoustic impedance. This was reported by Morse and Ingard for the acoustic wave transmission through a circular membrane in considerable detail in [16, 18] and also for the acoustic power radiated into the quarter space by the membrane in [13] . The connection of the modal acoustic impedance and the coupling matrix has been described in Appendix B for the reader's convenience. However, this paper focuses only on the modal acoustic impedance.
The integral formulae for the modal acoustic impedance of the two different vibrating clamped circular plates embedded into a flat rigid baffle have been presented earlier in [17] . The formulae can be simplified to be valid for a single plate and the modal self impedance is (141) ζ m;n = θ m;n − iχ m;n ,
θ m;n = 4δ
χ m;n = 4δ
where it has been denoted α mn = J m+1 (β mn )/J m (β mn ) , δ mn = β mn /β , β = k 0 a , (2) J m (·) is the Bessel function of the m th order, a is the radius of the plate, k 0 is the acoustic wavenumber, β mn is the eigenvalue, and i 2 = −1. The frequency equation is J m (β mn )I m+1 (β mn ) + J m+1 (β mn )I m (β mn ) = 0 where I m (·) is the modified Bessel function of the m th order. The modal mutual impedance assumes the form of ζ m;n,n = θ m;n,n − iχ m;n,n , θ m;n,n = 4δ
This modal quantity is necessary for further calculations of the vibroacoustic properties of the acoustic system under consideration. Using Eqs. (1) and (3) makes it possible to calculate the modal impedance of the vibrating circular plate for the whole frequency spectrum. However, their integral form causes numerical problems. Therefore, a sort of asymptotic and approximate formulae has been developed and reported below to be useful for some further numerical calculations.
The modal self-impedance within the high frequencies
The following condition δ mn < 1 is satisfied for the self-impedance within the high frequency range. The asymptotic formulation for the resistance can be obtained by using the method of path integral analysis. For this purpose, the following complex variable function has been introduced [10, 16, 17] 
where
is the Hankel function of the first kind and m th order, N m (·) denotes the Neumann function of the m th order. Additionally, the following relation is satisfied Re
(βx) The integration path has been chosen according to Fig. 1 with this difference that there are only two second order poles at points z = δ mn and z = iδ mn . Then applying the Cauchy theorem leads to
where the integrand is analytical and regular on the contour C and within its interior. Performing integration along the big circle for R → ∞ gives no contribution. Since F (s) (iy) = 0 for y ∈ R, the following asymptotic formula for the modal acoustic resistance has been formulated as [17] 
is the real component of the sum of residues (cf. [10] ). The upper indice "(high)" denotes that the asymptotic expression is valid for the high frequencies. Taking into consideration that
The Bessel and Neumann functions can be presented by means of the following expansion series [16, 20] 
From practical viewpoint, it is necessary to limit the expansion series to a finite number of terms. In order to take into account only first N terms for calculations it has been assumed that the upper limit of sums are equal to N − 1. On the basis of the above formulae, the products of special functions appearing in Eq. (9) can be presented as the following expansion series
The asymptotics for integrals in Eq. (9) can be derived after employing expansion series from Eq. (12) and carrying out integration term by term. The following formula has been obtained by means of the stationary phase method [10, 16, 17 ]
for any r which is useful for further integration. After integration in Eq. (9), the asymptotic expression for the acoustic self-resistance has been formulated in the form where the oscillating and non-oscillating components are separated θ
The oscillating and non-oscillating components have been denoted by the symbols "∼ " and "-", respectively. The asymptotic oscillating component can be formulated as
The following asymptotic formulation has been achieved
for the non-oscillating component where
Employing Eqs. (A.5) gives the non-oscillating component of the modal self-resistance in the form covering only the elementary functions
and the functions a 
Making use of Eqs. (10) leads to
Integrals given in Eq. (23) have been calculated by using of the above expansion series and Eq. (14) . Further, the asymptotic modal self-reactance has been formulated as the sum of the oscillating and non-oscillating components χ 
whereas the non-oscillating component is
The absolute correction to the true value connected with the asymptotic formulae (16), (20), (26) and (30) can be estimated for the high frequencies as [16] 
where the true value of considered quantities means that the corresponding value has been calculated using the integral formulae. Moreover, it has been assumed that the numerical integrations do not produce any numerical errors. The absolute correction decreases rapidly with an increase in the parameter β and the vibration frequency associated. The asymptotics obtained can be useful for some further numerical calculations of the self-impedance for the high frequencies.
The modal self-impedance within the low frequencies
The approximate formulae presented in the previous section in Eqs. (20) and (30) can be transformed using the following equations [19] 
to be valid within the low frequency range, i.e. for δ mn > 1 [16, 19] . In this case they can be formulated as follows
It is worth noticing that this rearrangement does not influence the oscillating components of the modal impedance. Only the non-oscillating components are modified. The upper indice "(low)" means that the formulation is valid within the low frequency range. The absolute correction to the true value for formulae representing self-impedance and self-reactance within the low frequency range is after [16] 
The approximate formulae are useful for 7 < β < β mn . They are useless for β < 7 since they have been obtained using the asymptotic formulae from Eq. (10).
The modal mutual impedance within the high frequencies
The high frequency range in the case of the mutual-impedance is determined by means of the following relation δ mn , δ mn < 1.
Making use of the following identity
it is possible to express the modal mutual impedance from Eq. (3) in the form of (cf. [16] )
The asymptotics for the quantity S m;n , appropriate to frequencies above the coincidence, can be obtained in the similar way as in the case of the self-resistance by applying the method of the contour integral. For this purpose, the following function has been introduced
and the following equation has been formulated
The integration has been performed along the path shown in Fig. 1 . There are the first order poles at z = δ mn and z = iδ mn which results in
The integral appearing in the above equation can also be presented in the following form of
Calculations of the integrals in Eq. (42) have been conducted by employing the expansion series from Eq. (12) and making use of the following formula
for any r. Finally, the asymptotic formula of the modal acoustic impedance can be expressed as S 
where 
and the function a 
According to Eqs. (38) the asymptotic formula for the mutual resistance is 
The quantity W m;n can be presented in the form of
Calculations of these integrals have been performed by using of the expansion series from Eq. (24) 
(56) The non-oscillating component assumes the form of
after applying Eqs. (A.5) where
The asymptotic formula for W (high) m;n can be found in a similar way giving
The asymptotic formulation for the mutual acoustic reactance can be formulated as
using Eq. (38). Further, using (54), (55) and (59) gives
The asymptotics valid within the high frequencies have been derived with the following absolute correction to their true values
This absolute correction to the true value decreases very rapidly with an increase in frequency (cf. the correction to the true values of the self impedance). The formulae obtained can be useful for numerical computations of the mutual acoustic impedance for β > β mn , β mn .
The modal mutual impedance within the low frequencies
The following conditions are satisfied δ mn , δ mn > 1 within the low frequencies. In this case, the approximation for the mutual acoustic impedance can be directly derived from Eqs. (50) and (60) 
The absolute correction to the true values of the self-resistance and the self-reactance can be estimated by the following expression [16] ∆θ (low) m;n,n , ∆χ
within the low frequency range. The obtained formulae, like in the case of self impedance are valid for 7 < β < β mn , β mn .
The modal mutual impedance within the middle frequencies
The middle frequency range can be defined by δ mn < 1 < δ mn . The approximate formulations for the modal mutual impedance can be obtained directly from the asymptotic formulae given in (44), (45), (47), (54), (55), (57) and (64) 
where the upper indice "middle" denotes that the expression is valid for the middle frequencies. The absolute correction to the true values of the modal resistance and reactance is [16] 
for the middle frequencies.
Numerical analysis
The modal resistance and reactance, and the corresponding absolute correction to their true values have been illustrated in Figs. 2-8 . The quantities have been plotted using the integral formulae as well as the asymptotic and approximate formulations. The correction to their true value of a quantity Q has been defined as [19] ∆Q
where Q exact andQ denote the true value of Q obtained from the integral and its approximation or asymptotics, respectively. The absolute values of this correction have been shown in all the following figures where the logarithmic axes have been used for convenience. It is necessary for the impedances calculations to determine a suitable number N of terms in the asymptotic series from (10) . The selection of the number N depends on the desired accuracy and on the modal number m (the number of the nodal diameters) of the interacting modes. The correction to the true value of considered quantities is not equal to zero. This fact results from using the stationary phase method and asymptotic expressions (12) . The number of terms N necessary to use in Eq. (12) has been 
where x denotes the greatest integer smaller or equal to x. As the consequence, the estimate absolute correction to the true value does not exceed its theoretical value within all the considered frequency bands. The presented asymptotic formulae are useful for the calculations of the self-impedance and the mutual--impedance within the high frequency range. It is obvious that accuracy of this formulae grows rapidly with an increase in β. The self-resistance and the self-reactance related to the mode (11,1) can be calculated with the absolute correction to the true value smaller than 10 −3 by assuming β > 23, (Fig. 2) . The absolute correction to the true value for the mutual resistance and the mutual reactance do not exceed 10 −3 for the mode pair (11,1) and (11,2) when β > 28 (Fig. 4) . Figures 3 and 5 show that for the lower vibrations frequencies the approximation accuracy decreases when the frequency tends to the resonance value. The absolute correction to the true value increase is also observed for very low frequencies. That fact results from using the special functions asymptotics which are less accurate as the β parameter decreases. The self resistance and the self reactance have been computed with the absolute correction to the true value smaller than 10 −3 for β ∈ (15, 45) in the case of mode (11, 12) within the low frequency range (Fig. 3) . Based on an analysis of Fig. 5 , it is confirmed that the reached approximate expression enables the calculations of the mutual resistance and the mutual reactance with the absolute correction to the true value smaller than 10 −3 for β ∈ (20, 45) in the case of pair of the modes (11, 11) , (11, 12) . For low frequencies the absolute correction to the true value is always greater than 10 −5 for all considered modes. The absolute correction to the true value for the mutual resistance and reactance in the case of the mode pairs (11,1), (11, 12) is smaller than 10 −4 for almost the whole range of the middle frequencies. Only for some close to coincidence frequencies, the absolute correction to the true value assumes some great values (Fig. 6) .
It is possible to determine the frequency bands about the corresponding coincidence frequencies for which the formulae presented are useless with regard to an increase in the correction to their true value (Fig. 7) . It can be noticed how narrow are the frequency bands about the coincidence frequencies, where the absolute correction to their true value exceeds 10 −3 . The width of the bands of k 0 a is not greater than 7. The formulae obtained are useless within these narrow bands and the integral formulae must be used instead.
The high frequency asymptotics obtained are more accurate than the approximate expressions appropriate to the low and middle frequencies. The required accuracy of the asymptotics valid for the high frequencies can be achieved by increasing the β parameter value. In the case of low and middle frequencies, the absolute correction to their true values approaches its minimal value.
The approximate and asymptotic formulae achieved are also useful in the particular case of axisymmetric modes, i.e. for m = 0. As an example, the mutual--resistance and the mutual-reactance related to the pair of modes (0,11) and (0,12) together with the corresponding absolute correction to their true values (Fig. 8) . The absolute correction in this case is smaller than 10 −3 when β > 45.
Conclusions
The approximate and asymptotic formulae of the asymmetric self impedance and the mutual impedance of a vibrating clamped circular plate embedded in a flat rigid baffle have been obtained. The formulation obtained enable calculations within almost the whole frequency range for β > 7, except the frequencies close to the coincidence. They are sufficiently accurate both for some axisymmetric and asymmetric modes. In the case of the asymmetric vibrations, the accuracy growth has been reached by taking into account the proper number of terms to approximate the special function products. The elementary form of the formulae obtained is useful for numerical analysis.
Appendix A. The exact values of the integrals
In order to present the asymptotics for the self and mutual impedance in an elementary form, it is necessary to calculate the following integrals where ∆θ m;n,n and ∆χ m;n,n are the corrections to the true values of the modal resistance and the modal reactance. The corrections have been defined in Eq. (68) and this paper focuses on them.
